In this paper, we study the fine Selmer group of p-adic Galois representations and their deformations. We show that for an infinite family of elliptic cuspforms, if the μ-invariant of the dual fine Selmer group is zero for one member of the family, then the same holds for all the other members. Further the λ-invariants are equal for all but finitely many members in the family.
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Preliminaries
We begin by recalling various preliminary results needed in the later sections. The group Γ denotes the group of diamond operators for the tower of modular curves {Y 1 (p t )} t 1 . There are canonical isomorphisms χ : Γ ∼ = 1 + pZ p ⊂ Z * p with χ the p-adic cyclotomic character, (resp. κ : Γ ∼ = 1 + pZ p ⊂ Z * p ) and we also fix a topological generator of γ (resp. γ ) of Γ (resp. Γ ), such that χ (γ ) = κ(γ ). The corresponding Iwasawa algebras are denoted by Z p JΓ K (resp. Z p JΓ K) and we recall that these Iwasawa algebras are isomorphic to Z p JT K, although the isomorphism depends on the choice of a topological generator of Γ (resp. Γ ). The natural homomorphism
is the "universal cyclotomic character". Let H ord F be the quotient of the universal ordinary Hecke algebra H ord Np ∞ , that corresponds to an ordinary Λ-adic eigenform F (see [Hi1] ). The algebra H ord F is a Z p -algebra which is a local domain and is finite flat over Z p JΓ K. The formal completed tensor product
is denoted by H nord F ('nord' stands for nearly ordinary) and is the F -component of Hida's nearly ordinary Hecke algebra. This is again a local domain, finite flat over
denote the formal q-adic expansion of F with A n (F ) ∈ H ord F . By a celebrated result of Hida (cf. [Hi1, Wi] ) there exists a large continuous representation
where T F is a finitely generated, torsion-free module of generic rank 2 over H nord F with the following properties:
(1) T F is isomorphic to T ord F ⊗ Z p JΓ K(χ ), where T ord F is a finitely generated torsion free module of generic rank 2 over H ord F , with continuous G Q action.
(2) ρ is unramified at all the primes l not in Σ . 
The representation space ofρ is an F-vector space of dimension two with semi-simple G Q -action, along with the additional property that the trace of Fr l is congruent to A l (F ) modulo m, for every prime l not in Σ (see Section 9] 
sends u to κ w (u), for any u ∈ U . The set of arithmetic points is denoted by X arith (H ord F ), and for an arithmetic point ξ , the weight of ξ will be denoted by w(ξ ). Define the subset X arith (H ord
Under the assumption (Irr) above, we have the following basic properties (see [Oc, Section 2] ):
(ii) For each ξ ∈ X arith (H (i) . From now on we will denote T (0) F by T . Another key property that we shall need pertains to specializations of T . Let ξ ∈ X arith (H ord F ) 0 and P ξ be the height 1 prime ideal
of H nord F . Abusing notation, we shall also denote by P ξ the prime ideal ker ξ in H ord F , and it will be clear from the context whether the prime ideal is being considered in H ord F or H nord F . Note
, where f ξ is the cuspidal eigenform of weight w(ξ ) + 2, and Z p JΓ K(χ ) is the "cyclotomic deformation" of the Iwasawa algebra Z p JΓ K. More precisely, Z p JΓ K(χ ) is isomorphic to the free Z p JΓ K-module of rank 1 on which Γ ∼ = Gal(Q ∞ /Q) acts via the universal cyclotomic characterχ (see (1)). On the Z p JΓ K-module
the action of G Q is the standard diagonal action. Similarly for T (i)
which is the cyclotomic deformation associated to the cuspform f ξ ⊗ ω i of weight w(ξ ) + 2. Using results of Greenberg [Gr3] , as shown in Section 3, one can relate the fine Selmer group of T ξ to the fine Selmer group associated to the modular form f ξ .
We recall the notion of p-stabilized newforms (see [Hi4, Lemma 3.3] 
Then, there exist a unique p-ordinary form f * of level N 0 , weight k and character ψ such that a n ( f ) = a n ( f * ) for all n not divisible by p. Actually, f * can be obtained as
where β is the unique non-p-adic unit root of 
be an absolutely irreducible representation into a finite field F, which is the residual representation associated to the Galois representation of a p-ordinary, p-stabilized newform f of weight k, level Np r and character ψ . By a deep theorem of Wiles, the primitive local ring, say p f , to which f belongs may be viewed as the universal deformation ring parametrizing lifts ofρ which are p-ordinary, pstabilized and of tame level N (see [Hi2] ). We refer to the set of these modular forms as the Hida family ofρ and denote it by H(ρ). Hence all the residual representations of the modular forms in H(ρ) are isomorphic toρ. The irreducible components of p f are called the branches ofρ.
Fine Selmer group
In this section, we define the fine Selmer group for p-adic Galois representations. Let V be a vector space of dimension 2 over a finite extension K of Q p , and let
be a continuous Galois representation associated to V . Fix a lattice T inside V which is invariant under the action of the Galois group, and let A = V /T be the corresponding divisible module which is discrete under the action of the Galois group. As before, Σ is a finite set of primes of Q containing the archimedean primes, the prime p and the primes where ρ is ramified.
where v varies over the primes of L that lie above the primes in Σ .
The fine Selmer group over the cyclotomic
as L varies over the finite extensions of Q in Q ∞ . Clearly, R Σ (A/Q ∞ ) is a discrete module over the Iwasawa algebra Z p JΓ K. A simple application of Nakayama's lemma immediately shows that it is finitely generated as a Z p JΓ K-module whenever H 0 (Γ, A) is finitely generated as a Z p -module. It is also plainly a submodule of the Selmer groups considered by Greenberg (see [Gr] ).
Recall that the representation is ordinary if there exists a one-dimensional subspace F + V of V which is stable under the decomposition group G p at p, and such that the quotient
is unramified at p. We denote the corresponding submodule of T (resp. A) by F + T (resp. F + A) and the quotient module by F − T (resp. F − A). An important class of ordinary Galois representations are those that arise from cuspidal eigenforms that are ordinary at 
which is ordinary at p, and unramified at all primes l not dividing Np. Let V f denote the representation space of ρ f . Choose a lattice T f of V f which is invariant under ρ f , so that we get an action of
be the residual representation of ρ, where π is a uniformizing parameter for K v . If we further assume thatρ f is an absolutely irreducible representation of G Q , then by a result of Carayol [Ca] , there exists a unique (up to conjugation) Galois invariant lattice in V f . As before, let Σ be a finite set of primes of Q ∞ containing primes dividing Np and the infinite prime. We now define the fine Selmer group of f over Q ∞ for the lattice T f as
where Q ∞,v denotes the completion of Q ∞ at the prime v. This is a cofinitely generated module over the Iwasawa algebra O v JΓ K. We recall that if F is an ordinary Λ-adic eigenform, then the modular forms f ξ are ordinary at p for ξ in X arith (H
One can also define a residual fine Selmer group, denoted by
The Pontryagin dual
is a compact finitely generated module over
This is a finitely generated kJΓ K-module, where
result of Kato [Ka] asserts that the Weak Leopoldt conjecture holds for the representation A f , i.e.
It then follows (see for example Lemma 3 
analogous to [C-S] , we make the following conjecture:
We now define the fine Selmer group for a nearly ordinary Hida deformation associated to the large Galois representation (4). The discrete dual of T = T F is given by
The fine Selmer group of the Λ-adic representation,
It is a module over H nord F . The corresponding "Pontryagin dual" in this case is defined by
Note that Y Σ (T /Q) is a finitely generated compact H nord F -module. Similarly one defines the fine
and the corresponding Pontryagin dual is denoted by
where I v denotes the inertia group at the prime v.
There is also the notion of a strict Selmer group, considered by Greenberg [Gr] . This is obtained by Proof. This follows from the fact that the dual Selmer group is a finitely generated torsion module over H nord F (see [Oc, Proposition 4.9] ). 2
We propose the following conjecture which generalizes Conjecture A in [C-S] :
We shall study the relation between Conjecture A and Conjecture 1 in Section 3. Recall from (8) that
where
On the other hand, we have an isomorphism
The map 
and therefore we also have
It thus follows that A[P ξ ] A ξ , and hence the lemma is proved. 2
Next, we define the fine Selmer group associated to T ξ , which is the cyclotomic deformation of T f ξ . The fine Selmer group associated to T ξ , denoted by R Σ (A ξ /Q), is defined by
The module
The corresponding Pontryagin dual is defined as
The fine Selmer groups of T ξ and T f ξ are related by the following proposition. 
Proposition 3. The module R Σ (A ξ /Q) is isomorphic to the module R
where l denotes any prime of Q (including the case l = p) and v l denotes a prime of Q ∞ above l. We will then go on to show that
It is clear that the proposition follows from (26)- (29). We only prove (26) and (28) as the corresponding isomorphisms in (27) and (29) follow by the same arguments replacing the global objects Q, Q ∞ and Γ respectively by their local counterparts Q l , Q ∞,v l and Γ l . Since Γ has p-cohomological dimension 1, the cokernel of the restriction map (26) is zero. Therefore by the Hochschild-Serre spectral sequence, we only have to show that H
Hence
We are thus reduced to showing
Fix a topological generator γ of Γ . The action of Γ = γ on Λ O ξ is via multiplication by γ −1 − 1, which is clearly injective. Thus the corresponding map is surjective on Hom( 
and therefore we have
as Λ-modules and this proves (28). Hence the theorem is proved. 2
Control theorem
In this section, we consider the relation between Conjecture 1 and Conjecture A for the various specializations arising from the arithmetic points in X arith (H 
There is the obvious map
Our aim is to prove a "control theorem" for the above maps. For an arithmetic point ξ ∈ X arith (H 
where all the vertical arrows are the natural maps. By Hypothesis (Irr) and [Gr5, Proposition 3.4] , it is plain that the middle vertical arrow is an isomorphism, whence r ξ is injective. Thus, it suffices to show that the Pontryagin dual Ker θ ξ is a finitely generated O ξ -module for all ξ ∈ X arith (H ord F ) 0 and is finite for all but finitely many ξ . We first need the following lemma:
Lemma 5. Let We apply the lemma to C = A and I = P ξ . Clearly A is a cofinitely generated H nord F -module.
Now the Pontryagin dual of
Thus it is easy to see, by an argument similar to the proof of Proposition 3, that 
The next lemma is standard and is tacitly used in rest of the arguments.
Lemma 6. Let S ⊆ R be commutative rings such that R is integral of finite type over S, and suppose that M is a finitely generated R-module. Then Krull dim
Proof. The assertion follows from dimension theory. (34) are finite [Hi3] . Therefore the corresponding natural induced map
is a pseudoisomorphism, whence so is the natural map
where T * = Hom(T , H nord F ). By Pontryagin duality, the Pontryagin duals of the kernel and cokernel of the natural map
are pseudonull as H nord F -modules. We have a natural commutative diagram (37) is finite. For any such ξ , we claim that the Pontryagin dual of the kernel of the bottom horizontal map is finite.
Indeed, the kernel of the dual of the bottom horizontal map in (37) is a finitely generated O ξ -module by Lemma 5. Also, the kernel of the left vertical map in (37) is killed by a power of p (cf. (34) and (35)). Combining these facts with the snake lemma in diagram (37) immediately shows that the kernel of the bottom horizontal map is also finite for any such ξ ∈ X arith (H ord F ) 0 . This shows that the Pontryagin dual Ker θ ξ is finite for all but finitely many ξ ∈ X arith (H ord F ) 0 . Hence Theorem 4 is proved. 2
Specializations
We shall now use the "control theorem" to show that Conjecture A for the Galois representation associated to T f ξ , for any ξ ∈ X arith (H ord F ) 0 is equivalent to Conjecture 1 formulated in Section 2. This is then used to show the λ-invariant of the fine Selmer group is constant for almost all members in a branch of the Hida family. First we prove the equivalence of Conjecture A in a Hida family.
Proposition 7. Let f , g be two p-ordinary, p-stabilized newforms in a Hida family H(ρ). Then Conjecture A holds for f if and only if it holds for g.

Proof.
Since f , g are newforms in a Hida family H(ρ), the residual Galois representations associated to f and g are isomorphic toρ. The assertion that Conjecture A holds for f ∈ H(ρ) is equivalent to
is finite, where π , as before, is a uniformizing parameter of O f ξ .
On the other hand it follows from the Kummer sequence that
This shows that Conjecture A for f ∈ H(ρ) is equivalent to an assertion on the residual representation of f , which is isomorphic toρ. Hence Conjecture A is invariant in the Hida family H(ρ) and the proposition is proved. 2
By the results of the previous section, the dual of the fine Selmer group Y Σ (T /Q) is a finitely generated torsion module over H 
which are cyclotomic deformations of the representation T f ξ 1 , T f ξ 2 associated to cuspforms f ξ 1 , f ξ 2 .
Note that f ξ 1 and f ξ 2 have isomorphic residual representations. Hence (2) ⇔ (3) is clear from the proof of Proposition 7.
We now prove that (1) ⇒ (3). Conjecture 1 asserts that Y Σ (T /Q), which is a finitely generated torsion H nord F -module, is in fact finitely generated as an H 
of H nord F -modules with the kernel being finite. But Conjecture 1 implies that Y Σ (T /Q)/P ξ 0 is finitely generated as a module over H ord F /P ξ 0 which is a free module of finite rank over Z p . Hence
Conversely suppose now that assertion (3) holds. We need to show that Y Σ (T /Q) is finitely generated as an H ord F -module. By Nakayama's lemma, it suffices to show that Y Σ (T /Q)/P ξ 0 is a finitely generated O ξ 0 := H ord F /P ξ 0 -module. Now Ker(r ξ 0 ) being a quotient of Ker θ ξ 0 , it is immediate from Theorem 4, that Ker(r ξ 0 ) is a finitely generated O ξ 0 -module. This completes the proof of the theorem. 2
We now apply the above results to study the λ-invariants of the fine Selmer groups
We show that they are equal, for almost all ξ ∈ X arith (H ord F ) 0 when we assume that Conjecture A holds for some ξ 0 ∈ X arith (H ord F ) 0 (and hence for all ξ 0 , by Theorem 6). We are grateful to the referee for pointing out an error in an earlier version of the theorem below. hypothesis, we will be proving that if the fine Selmer group is finite at one fibre, then the generic rank in the branch is zero. 
of finitely generated O ξ -modules with F finite. Note that Tor [Gh, ). At an arithmetic point P l,ζ (= ζ ν l − 1, where ζ is some p r -th root of unity with r 0, l 2 and ν satisfies ν p n = 1 + p, for some n 0), the specialization of F corresponds to a classical CM cusp form f l,ζ of weight l and we have f 2,1 = f * E . Hence applying Theorem 7 we see that Conjecture A holds for each f l,ζ . We recall that the λ-invariant of the dual Selmer group is invariant in a branch when its μ-invariant is 0 at some fibre [E-P-W]. Combining this with the fact that the fine Selmer group is contained in the Selmer group, we get λ( f l,ζ ) = 0 at each P l,ζ .
Example 3. Finally, we consider an example occurring in [G-V] 
We end the article with the following remark. The referee pointed out that the 'generic' value for the λ-invariant in all these examples is zero and asks if it is possible to find an example where the generic value is nonzero, or whether the generic value could be conjectured to always be zero. Guided by the philosophy of the dual Selmer group in a CM-Hida family, and the conjectures in [C-S] 
